Abstract. Let η(z) (z ∈ C, Im(z) > ) denote the Dedekind eta function. We use a recent productto-sum formula in conjunction with conditions for the non-representability of integers by certain ternary quadratic forms to give explicitly ten eta quotients
Introduction
Let N denote the set of positive integers and N = N ∪ { }. Let H denote the Poincaré upper half-plane {z ∈ C Im(z) > }. e Dedekind eta function is de ned by In this note we are interested in determining explicit eta quotients f (z) such that [ f (z)] n = for all n in in nitely many non-overlapping arithmetic progressions. We do this by using the author's recent product-to-sum formula [ , eorem . , p. ] to express the Fourier coe cients [ f (z)] n of certain eta quotients f (z) in the form ( . ) [ f (z)] n = (x ,x ,x )∈Z Q(x ,x ,x )=n P(x , x , x ), n ∈ N,
where P ∈ Q[x , x , x ] and Q = x + ax + bx for some a, b ∈ N with ≤ a ≤ b ≤ . Classical results on the representability of n ∈ N by the ternary quadratic form Q [ , pp. -] give in nitely many arithmetic progressions such that if n belongs to any one of them, then n is not represented by Q, and so by ( . ), [ f (z)] n = for these n. e eta quotients constructed in this manner are given in eorem . (i)-(x). eorem . is proved in Section .
eorem .
For all e ∈ N we have
Proof of Theorem 1.1
For k ∈ N and q ∈ C with q < , we de ne
so that E k = E (q k ). We begin with a lemma that enables us to eliminate some uninteresting cases that arise in the proof of eorem . as well as assisting in the formulation of some conjectures in Section .
Lemma .
Let n ∈ N.
K. S. Williams
Proof (i) By a classical theorem of Jacobi, we have
us for n ∈ N, we have
(ii) Replacing q by q in Jacobi's identity, we obtain
Multiplying the series for E E − and E E − together, we deduce
As n + ≡ , , (mod ), n + ≡ , (mod ) and ℓ + m + ≡ , , , , ,
(iii) By another classical identity of Jacobi, we have
us for n ∈ N we have
(iv) Mapping q to q in the identity of Jacobi given in the proof of (iii), we have
Hence for n ∈ N, we have
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(v) Ramanujan de ned the theta function ϕ by
and proved that
Hence,
us,
and nally
is completes the proof of the lemma.
Taking q = e π iz (z ∈ H) so that q < , we have
We now state the product-to-sum formula proved by the author in [ , eorem . , p. ] , which we will use in the proof of eorem . .
Product-to-Sum Formula
Let k ∈ N and ℓ ∈ N. Let r, s, t, u ∈ N be such that r + s + t + u = k. Let v, w, x, y ∈ N be such that v + w + x + y = ℓ. Set m = k + ℓ so that m ∈ N and m ≥ . Let
en for n ∈ N with n ≥ ℓ, we have
Proof of eorem . We use the special case of the product-to-sum formula when k = ℓ = , so that m = and Q is a positive diagonal ternary quadratic form all of whose coe cients are , , , or with at least one of the coe cients equal to . Let r, s, t, u, v, w, x, y ∈ N satisfy
De ne A ∈ N and B, C, D ∈ N by
De ne the integers a , a , a , a , a , a , a and a as in the product-to-sum formula. en, as ℓ = , by the product-to-sum formula we have
( . )
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We next examine the possible values of the vector (r, s, t, u, v, w, x, y) ∈ N subject to the restrictions in ( . ).
e ternary form Q corresponding to each such vector is determined from ( . ), ( . ), and ( . ) and each eta quotient
from the formulae for a , a , a , a , a , a , a , a in terms of r, s, t, u, v, w, x, y given in the product-to-sum formula. e values are given in Table . It is known from the work of Dickson and Jones (see, for example, [ , pp. -] ) that the positive integers n for which Q(x , x , x ) = n is not solvable in integers x , x , and x are as given in Table , where k, ℓ ∈ N . Appealing to ( . ), Table and  Table , we obtain the following results.
Case gives
for all e ∈ N , but this is not interesting, as clearly ( . ) holds for all n ∈ N with n ≡ (mod ).
which is again not interesting, as by Lemma . (i) ( . ) holds for all n ≡ , (mod ).
for all e ∈ N , which is eorem . (i). Case gives
for all e ∈ N , but this is not interesting, as ( . ) holds for all n ≡ , (mod ) by Lemma . (ii).
for all e ∈ N , which is not interesting, as ( . ) holds for all n ≡ (mod ).
for n ≡ ⋅ e (mod e+ ) for all e ∈ N , which is eorem . (iii).
case (r, s, t, u, v, w, x, y) (a , a , a , a , a , a , a , a ) Q(x , x , x ) ( , , , , , , , ) ( , , , − , , , , ) ( , , , , , , , ) ( , − , , , , , , ) ( , , , , , , , ) ( , , − , , , , − , ) ( , , , , , , , ) ( , , , − , , , , − ) Table : Eta quotients and ternary forms corresponding to (r, s, t, u, v, w, x, y) 
for n ≡ (mod ) and n ≡ ⋅ e+ (mod e+ ) for all e ∈ N . Clearly ( . ) holds for all n ≡ (mod ) so the former is not interesting while the latter is interesting only Ternary Quadratic Forms and Eta Quotients when n ≡ (mod ), that is, when n ≡ ⋅ e+ (mod ⋅ e+ ), which is eorem . (iv).
for n ≡ (mod ) and n ≡ ⋅ e (mod e+ ) for all e ∈ N . But this is not interesting, as ( . ) holds for all n ≡ , (mod ) by Lemma . (iii).
But this is not interesting as ( . ) holds for all n ≡ (mod ).
for n ≡ (mod ) and n ≡ ⋅ e+ (mod e+ ) for all e ∈ N . By Lemma . (iv) ( . ) holds for all n ≡ , (mod ). us ( . ) is only interesting for those n satisfying n ≡ ⋅ e+ (mod e+ ) and n ≡ , (mod ), that is, for n ≡ ⋅ e+ (mod ⋅ e+ ) and n ≡ ⋅ e+ (mod ⋅ e+ ). ese are parts (v) and (vi) of eorem . , respectively. Case gives
for n ≡ (mod ), n ≡ (mod ) and n ≡ ⋅ e (mod e+ ) for all e ∈ N , but again this is not interesting as ( . ) clearly holds for all n ≡ (mod ).
for n ≡ ⋅ e (mod e+ ) for all e ∈ N , which is eorem . (vii). Case gives
for all e ∈ N , which is eorem . (ix). Finally, Case gives
for n ≡ (mod ) and n ≡ ⋅ e (mod e+ ) for all e ∈ N . By Lemma . (v) the equality holds for all n ≡ (mod ). e latter congruence is eorem . (x).
Final Remarks
We brie y discuss whether or not the criteria in each of the ten parts of eorem . form a complete description of the set of vanishing coe cients for the corresponding eta quotient.
for n = , , , , , , , . . . , the congruences n ≡ ⋅ e+ (mod e+ ) do not form a complete description of when the coe cients of the eta quotient vanish and it does not seem easy to formulate such a description. We note that the data up to n = suggest the following conjecture.
Conjecture .
(ii) e data up to n = suggest the following conjecture.
Conjecture .
If
If Conjecture . is true, then by eorem .
(ii) we have
if and only if n ≡ ⋅ e+ (mod e+ ) for some e ∈ N .
(iii) e data up to n = suggest the following conjecture.
If Conjecture . is true then by eorem . (iii) we have
(iv) e data up to n = suggest the following conjecture.
and n is odd, then n ≡ ⋅ e+ (mod ⋅ e+ ) for some e ∈ N .
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If Conjecture . is true, then by eorem . (iv) we have
if and only if n ≡ (mod ) or n ≡ ⋅ e+ (mod ⋅ e+ ) for some e ∈ N .
(v)(vi) e data up to n = suggest the following conjecture.
Conjecture .
If n ≡ , (mod ) and
If Conjecture . is true, then by eorem . (v)(vi) and Lemma . (iv) we have
(vii) e data up to n = suggest the following conjecture.
If Conjecture . is true, then by eorem . (vii) we have
if and only if n ≡ ⋅ e (mod e+ ) for some e ∈ N .
(viii) e data up to n = suggest the following conjecture.
If η (z)η ( z)η − ( z) n = , then n ≡ ⋅ e+ (mod e+ ) for some e ∈ N .
If Conjecture . is true, then by eorem . (viii) we have η (z)η ( z)η − ( z) n = if and only if n ≡ ⋅ e+ (mod e+ ) for some e ∈ N .
(ix) eorem . (ix) and the data up to n = suggest the following conjecture.
η (z)η ( z)η − ( z)η (z)η ( z)η − ( z) n = if and only if n ≡ ⋅ e+ (mod e+ ) or n = e+ for some e ∈ N .
(x) e data up to n = suggest the following conjecture.
K. S. Williams

Conjecture .
If n ≡ (mod ) and η (z)η ( z)η ( z)η ( z)η − ( z) n = then n ≡ ⋅ e (mod e+ ) for some e ∈ N.
If Conjecture . is true, then Lemma . (v) and eorem . (x) give η (z)η ( z)η ( z)η ( z)η − ( z) n = if and only if n ≡ (mod ) or n ≡ ⋅ e (mod e+ ) for some e ∈ N. Over the past twenty years or so, many new results concerning the representability and non-representability of positive integers by ternary quadratic forms have been proved by a number of authors, for example, Berkovich, Bhargava, Duke, Jagy, Kaplansky, and Oh, as well as many others. However, as the product-to-sum formula used in this paper applies only to the ten ternaries x + ax + bx with ≤ a ≤ b ≤ , we cannot use these new results in conjunction with the product-to-sum formula to obtain further results like those in eorem . .
